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ABSTRACT
DC and AC M odeling of H eterostructure Bipolar Transistors (HBTs)
by
Roxana Arvandi
Dr. Rama Venkat, Examination Committee Chair 
Professor of Electrical and Computer Engineering 
University of Nevada, Las Vegas
Starting with a homo junction or graded hetero junction bipolar transistor, a 
complete model for the dc and ac performances of the device is developed based 
on the Ebers-Moll methodology. The formulation is modified to include the abrupt 
single HBT, by introducing the effects of the conduction band discontinuity at the 
base-emitter junction as an energy barrier for electrons flow resulting in transmis­
sion and reflection processes. Finally, using the same approach, the formulation 
is extended to the abrupt double HBT. The collector current as a function of 
collector-emitter voltage, the collector and base currents as a function of base- 
emitter voltage, the dc current gain as a function of collector current, the h pa­
rameters as a function of collector current, the ac current gain as a function of 
frequency, and flnally the unity current gain cut-off frequency as a function of the 
collector current are calculated for various graded and abrupt, single and double 
AlGaAs/GaAs HBTs. The results are in good agreement with the reported data.
Ill
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CHAPTER 1 
INTRODUCTION
1.1 BJT Design Limitations
Once the semiconductor material is chosen for a bipolar junction transistor 
(BJT) (say, Si, Ge, GaAs, etc.), the only flexibilities in the device design are the 
doping levels and the device dimensions. This is a serious handicap for the realiza­
tion of high performance transistors, as discussed below. To begin, let us examine 
the parameters controlling the transistor performance. The emitter injection effi­
ciency of the device, 7 e, is given by;
n
I E  =
Vc b
1
1 +
( 1 . 1 )
where /g  is the emitter electron current. Ip  is the emitter hole current, Vcb is 
the collector-base applied voltage, n°g is the equilibrium electron concentration in 
the base, Dg is the electron diffusion coeflflcient in the base, W b is the neutral 
base width, pp is the equilibrium hole concentration in the emitter. Dp  is the 
hole diffusion coefficient in the emitter, and Lg is the hole diffusion length in the 
emitter, given by Le =  {DpTp)^ where Tp is the hole recombination lifetime in the 
emitter. The transistor dc current gain, f3, is defined as /3 = ^  where Ic  and /g 
are the collector and base currents respectively. In the forward active mode (for-
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ward biased base-emitter junction and reverse biased collector-base junction), f3 
can be approximated in terms of the emitter injection efficiency, as follows:
1
~  ( 1 9 )
~  P̂eD e Wb ■ ^
For 7 e to be close to unity and (3 to be high, it is essential that the emitter 
doping, N g ,  be much higher than the base doping, N g ,  and the base width, W g ,  
be as small as possible. A small base width along with relatively low doping 
introduces a large base series resistance which degrades the device performance. 
However, a far greater problem arises from the band-gap shrinking at the emitter 
region due to heavy doping. If the em itter band-gap shrinks by A E g ,  the intrinsic 
carrier concentration of the emitter, Ug, increases by a factor of e x p (^ ^ )  where 
k g T  is the thermal energy with k g  the Boltzman constant and T  the absolute 
temperature. Hence, the emitter hole concentration, pg, which is:
PÊ =  ^ .  (1-3)
■‘''E
increases by a factor of e x p ( |^ ) .  As a result of the exponential increase of pg. 
the current gain, 0, given by Equation 1.2, decreases by a factor of exp(—̂ ^ ) .  
The above discussion shows that the high performance requisite poses a set of 
conflicting requirements on the doping and geometry of the BJT.
1.2 Band Engineering: HBT
In the 50s, the limitations in BJT design led Shockley and Kroemer to propose 
a new bipolar transistor with different band-gaps in the emitter, base, and collector 
called the heterojunction bipolar transistor (HBT) [1,2]. Typically, in these devi-
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ces, the emitter is fabricated from a wide band-gap material. This dra- matically 
suppresses the injection of holes from the base to the emitter. If the emitter band- 
gap is increased by AEg,  the current gain, 0, increases by a factor of e x p (^ ^ ) . 
Typically, is chosen to be ~  10, so that an improvement of 10“* in 0 results. 
With an HBT, the base can be doped heavily without the loss of current gain. Due 
to the high base doping, the base can be made narrow without resulting a large 
base series resistance. The emitter doping can also be reduced so that the emit­
ter depletion region can increase, thus reducing the depletion capacitance of the 
base-emitter junction. A narrow base along with reduced base-emitter depletion 
capacitance result in reduction of the device transit time, thus increasing the tran­
sistor bandwidth. Additionally, the Early effect and the danger of punch-through 
are greatly reduced, since the neutral base width Wg is essentially independent 
of the collector-base reverse bias, Vc b , due to the heavy doping of the base. The 
possibility for the base pushout is also minimized, due to the high built-in voltage 
in the collector-base junction. From the above discussion, it is clear that the HBT 
is not prone to any of the problems associated with optimizing the BJT.
In a typical III-V compound semiconductor HBT, the base and collector are 
fabricated with GaAs and the emitter is maxle of a material, e.g. AlGaAs, that 
has a wider band-gap than GaAs and a lattice constant and thermal coefficient 
very similar to that of GaAs. To avoid abrupt discontinuities, a thin graded layer 
is inserted at the base-emitter junction in which the Al mole fraction is graded 
linearly to zero. The device structure along with its energy band diagram are 
illustrated in Figure 1. For the rest of the discussion, this device is referred as the 
graded single HBT. If the graded layer is not inserted at the base-emitter junction, 
the Al mole fraction changes abruptly from the emitter to the base. In this case, 
the device has sharp discontinuities in the material parameters at the base-emitter
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
junction. Specifically, there are discontinuities in the conduction band minimum 
and valence band maximum at the junction. The band-gap difference between the 
emitter and the base, A Egg, consists of a conduction band energy step, AEgg, 
and a valence band energy step, AEgg, with AEgg  =  A Egg + AEgg. The 
device structure along with its energy band diagram are illustrated in Figure 2. 
An energy barrier appears in the conduction band at the base-emitter junction, 
which tends to retard the flow of electrons, as shown in Figure 2. On the other 
hand, the same barrier provides the benefits for high speed operation, because the 
electrons that surmount the barrier are injected into the base with high forward 
velocities (hot electrons). For the rest of the discussion, this device is referred 
as the abrupt single HBT. Another possibifity offered by band-gap engineering is 
to increase the collector band-gap of the graded single HBT, as is illustrated in 
Figure 3. In this device, the GaAs collector of the graded single HBT has been 
replaced by an AlGaAs one along with a graded layer inserted between the base 
and collector to suppress any discontinuity. For the rest of the discussion, this 
device is referred as the graded double HBT. This structure is very much like a 
symmetrical transistor, and consequently the roles of collector and emitter can be 
exchanged. Such an exchange of roles allows the architectures of digital integrated 
circuits to be optimized, as illustrated in Figure 4.a in the cross sectional view of 
an emitter-coupled logic (ECL) gate envisaged by Kroemer. The graded double 
HBT offers additional advantages associated with the suppression of hole injection 
in the collector working in a saturated mode. This property results in significant 
improvement of the dynamical performances of some saturated logic gates, owing 
to the dramatic reduction in the transistor turn-off time. Figure 4.b illustrates 
such a gate. Additional advantages of these devices are the substantial decrease of 
the offset voltage and the increase of the breakdown voltage.
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Although the idea of utilizing the wide band-gap emitter to improve device 
performance was first proposed in 1951, most of the developments on the HBT oc­
curred during the early 1980s when the technologies for the metal organic chemical 
vapor deposition (MOCVD) and molecular beam epitaxy (MBE) became feasible. 
HBTs are now well established as leading contenders for high-gmn and high-speed 
applications, particularly for digital circuits. The material combinations com­
monly used for these devices include AlGaAs/GaAs, InGaP/GaAs, InP/InGciAs, 
and AlInAs/InGaAs. Each of these materials presents a different band structure 
with different discontinuities in the conduction and valence bands. Since details 
of the band structure have a profound effect on the carrier transport in the HBT, 
it is of crucial importance to have both an accurate theoretical description and 
physical interpretation of transport in the device. Several research papers focusing 
on various aspects of HBTs have appeared in the literature. In these papers, due to 
their complexity, it is usually difficult to maintain a physical picture of the device 
operation which is a fundamental requirement for innovation in design. A model 
should be as simple as possible to maintain the transparency of the conduction 
mechanisms. At the same time, it should be as general as possible to cover the 
complete range of materials and geometries. In the present work, such a model for 
the HBT is developed and employed to investigate its dc eind ac performances.
1.3 Thesis Organization
A brief literature survey, discussing several experimental and theoretical studies 
of various types of HBTs is presented in Chapter 2. In Chapter 3, a unified and 
concise theoretical formulation of the device dc and ac characteristics is developed. 
The graded single HBT, the abrupt single HBT, and the graded double HBT are 
modeled in details, followed by a brief discussion on various abrupt double HBT
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structures. Although the npn HBT is studied in this work, many concepts and 
modeling approaches presented are applicable to  the pnp HBT, also. In Chapter 
4, a set of typical HBTs reported in the literature are simulated and the results 
are compared with the reported experimental and theoretical data. Conclusions 
along with the proposal for future work are presented in Chapter 5.
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CHAPTER 2 
LITERATURE SURVEY
2.1 Experimental Reports
The availability of high quality hetero junction structures produced by MBE 
and MOCVD techniques has made it possible to fabricate HBTs offering high gain 
and high frequency performances. The first attempts were mainly focused on the 
AlGaAs/GaAs system. Ito et al. [4] were among the pioneers who fabricated MBE- 
grown AlGaAs/GaAs abrupt single HBT. They achieved a  cut-off frequency of 25 
GHz for a collector current density of 10“* A/cm- and a collector-emitter voltage 
of 3 V. In their device, the cut-off frequency increased in the high current density 
region with neither the base pushout nor the emitter crowding effects. They found 
the limitation on the cut-off frequency to be caused mainly by the emitter series 
resistance.
In order to fully exploit the high-speed potential of the AlGaAs/GaAs HBT, 
the device must be scaled down to minimize the emitter, base, and collector series 
resistances and the base and collector transit times. However, in a small-geometry 
device for which the area-to-perimeter ratio is small, the base surface recombination 
current can be a major problem leading to significant degradation of the current 
gain, the so-called “emitter size effect” . Liu et al. [5] fabricated AlGaAs/GaAs 
graded single HBTs of various emitter areas to examine the diode ideality factor
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8
for surface recombination. For bulk recombination, the ideality factor is usually 
1, for space-charge recombination, the factor is 2. According to Liu et al. [5], 
the ideality factor for surface recombination is between 1 and 1.33. Several sub- 
micron processes have been developed to suppress the surface recombination in 
AlGaAs/GaAs HBTs. Lee et al. [6] utilized a self-aligned process with the major 
feature of incorporation of a thin depleted AlGaAs layer as a surface passivation 
structure around the entire base-emitter junction periphery to reduce the surface 
recombination, as a result of which dc current gains of more than 30 and cut-off 
frequencies of more than 40 GHz were obtained at a collector current density of 
10® A/cm^. By using a self-aUgned technique, Yang et al. [7] fabricated submi­
cron graded single HBTs of different emitter areas with very heavily carbon doped 
(10-° cm"®) base layers. The heavily carbon doped base was intended to minimize 
the influence of surface recombination in the base region and provide low base 
series resistance. Their devices exhibited dc current gains and cut-off frequencies 
essentially independent of the emitter size.
Another important issue in the fabrication of AlGaAs/GaAs HBTs is the 
growth of low resistance base contacts. The predominant factor in the base re­
sistance of AlGaAs/GaAs HBTs is the contact resistance, resulting from the rela­
tively high contact resistivity of p-GaAs. Increasing the doping density in the base 
is a simple and effective approach for lowering the contact resistance, but it often 
causes other problems, such as dopant redistribution during epitaxial growth and 
reduced reliability. Kusano et al. [8j developed a process for fabricating base elec­
trodes with very low ohmic contact resistivity of 10"^I2.cm®, using a AuZn/Mo/Au 
alloy. The fabricated AlGaAs/GaAs HBT was shown to have a cut-off frequency of 
45 GHz for a collector current density 10"* A/cm®. Shimawaki et al. [9] presented 
a new approach to fabricating high performance HBTs with low base contact re-
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sistauce, using metaiorganic molecular beam epitaxy (MOMBE) selective growth 
process.
Besides the AlGaAs/GaAs system, many other material combinations have 
been investigated for the realization of optimum HBT structures. InGaP/GaAs 
HBTs have attracted much attention as an alternative to AlGaAs/GaAs HBTs. 
Some advantages of the InGaP/GaAs system have been demonstrated, such as high 
etching selectivity between GaAs and InGaP for high process yield and formation 
of a sharp p-n junction at the InGaP/GaAs interface for low base leakage current 
[10]. In addition, the InGaP/GaAs heterostructure is believed to have an energy 
band alignment more favorable for the optimization of npn transistors than that 
of AlGaAs/GaAs heterostructure [11]. Song et al. [11] reported on the fabrica­
tion of an MOCVD-grown InGaP/GaAs double HBT with heavily carbon-doped 
base. The device exhibited a cut-off frequency of 53 GHz while maintaining a high 
breakdown voltage of 20 V which is highly favorable for high-power microwave 
applications.
InP/InGaAs HBTs grown on InP substrates are other possibilities for the HBT 
technology. Due to the excellent transport properties of InGaAs and the low 
surface recombination velocity associated with p‘*'-InGaAs, InP/InGaAs HBTs are 
emerging as key devices for high speed electronic and optoelectronic applications. 
Hong et al. [12] reported on the fabrication of InP/InGaAs HBTs with almost ideal 
dc characteristics: a gain independent of collector current, a near unity ideality 
factor, a very small offset voltage and a high breakdown voltage. The devices 
exhibited a maximum cut-off frequency of 115 GHz at a collector current density 
of 10® A/cm®.
Si/SiGe HBTs are considered to be serious contenders for the next generation 
of high speed, high frequency devices based on Si technology. These devices have
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an edge over III-V compound HBTs from the processing and cost points of view, 
because Si is much less expensive than any other semiconductor material and 
Si/SiGe processing is compatible with the existing Si processing technology. Over 
a relatively short period of time, Si/SiGe HBTs have progressed from a laboratory 
curiosity to the fastest Si-based bipolar transistors, as reported by Patton et al. 
[13] with the realization of 75 GHz cut-off frequency Si/SiGe HBTs.
Although InP/InGaAs and AlInAs/InGaAs HBTs have exhibited excellent high 
frequency performances, their immature InP-based process technology prevents 
these HBTs on InP substrates from being candidates for future applications. At 
present, AlGaAs/GaAs and Si/SiGe HBTs are the prominent devices for high speed 
analog and digital circuit applications. In a  comparison made by Liou [14], the 
AlGaAs/GaAs HBT has been indicated to possess less uniform, but higher peak 
current gain and cut-off frequency than its Si/SiGe counterpart. Furthermore, it 
has been shown that at high current densities the thermal effects become important 
and degrade the performance of AlGaAs/GaAs HBT more significantly than that 
of Si/SiGe HBT, due to the poorer thermal conductivity of GaAs than Si.
2.2 Theoretical Reports
There have been several recent pubhcations relating to analytical descriptions 
of HBT characteristics where one of the Ebers-Moll or Gummel-Poon method­
ologies [15] has been utilized. Teeter et al. [16] investigated several models for 
the graded single HBT to determine their usefulness at millimeter wave frequen­
cies. The most detailed model involved numerically solving the moments of the 
Boltzman transport equation. Two analytical models, the conventional Gummel- 
Poon and a modified Ebers-Moll model, were also employed. They found that the 
commonly used Gummel-Poon model exhibits poor agreement with the numerical
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and experimental data at millimeter wave frequency, due to the neglect of transit 
times. They also found that with Ebers-Moll model improved agreement between 
measured and modeled data  results in by the inclusion of transit time effects.
The high current handling capability of HBTs makes them very attractive for 
high power, high frequency applications. Such a high power level together with the 
poor thermal conductivities of the usual HBT materials inevitably generates a large 
amount of heat in the device and therefore results in a much higher temperature in 
the HBT than that of the ambient. Liou et al. [17] presented a detailed analytical 
model to predict the dc and ac performances of the graded single HBT. Their 
results suggested that the assumption of the HBT having the same temperature 
as that of the ambient, can overestimate the current gain and cut-off frequency 
considerably when the collector current is high. Their model correctly explained 
the rapid fall-off of the current gain and cut-off frequency at high collector currents.
Yang et al. [18] studied the injection performance of the single abrupt HBT and 
related effects on the device characteristics. They took into account the coupled 
transport phenomena of drift-diffusion and tunneUng-emission across the abrupt 
hetero junction in a single coupled formulation by employing numerical techniques. 
In their results, the tunneling current through the spike was shown to be small. 
They also found a small displacement of the p-n junction into the narrow band- 
gap semiconductor very attractive for the performance optimization of the single 
abrupt HBT, a fact which was previously reported by Zhang et al. [19] for the 
symmetrical graded double HBT. Zhang et al. [19] simulated the device behavior 
by using the conventional drift-diffusion approach which demonstrated enhanced 
performance with p-n junctions that are not coincident with the hetero junctions.
Besides the conventional Gummel-Poon model which is a charge-control model 
based on the charge stored in the base, there have been some other charge-control
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models developed to describe the HBT behavior. Marty et al. [20] derived a 
charge-control model in which they assumed that the current flow across an abrupt 
heterojunction is by drift and diffusion only. Lundstrom [21] proposed that the 
carrier flow across the hetero junction interface can be modeled by a generalized 
interface transport velocity (S) which was later utilized by Ryum et al. [22] to 
derive a Gummel-Poon-like model for the device. The major advantages of their 
model were that it took the Early effect into account and was amenable to quasi­
saturation phenomena. Unlike the Gummel-Poon model for the homo junction 
transistor, their model was strictly valid only for low injection and constant doping 
density in the base. Parikh et al. [23] generalized the model of Ryum et al. [22] 
by deriving a new charge-control relation, which was valid for arbitrary doping 
profiles and for all levels of injection in the base. The model was applicable to any 
hetero junction system, graded or abrupt, single or double. All these charge-control 
models were intended to study only the dc behavior of the device. As mentioned 
by Teeter et al. [16], the Gummel-Poon methodology fails to describe correctly 
the ac behavior of the device, due to the neglect of transit times.
The abrupt single HBT has been studied by Monte Carlo (MC) simulation, 
also. Dodd et al. [24] examined the electron transport across the base by using 
MC simulation. They studied the base transit time and electron distribution as a 
function of base width. Clear ballistic behavior (no scattering) was found to be 
the case only for extremely thin bases (much less than 100 A°). They concluded 
that over the range of base widths of interest for devices, base transport appears 
to be diffusive, but the electrons are very far from thermal equilibrium. The 
diffusive behavior was shown to arise from the sensitivity of the steady state carrier 
population to small amounts of large angle scattering. Kumar et al. [25] used 
a rigorous quantum mechanical treatment of electron tunneling and thermionic
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emission across the base-emitter junction to determine the flux injected into the 
base region; the flux was used as the input to an MC simulator to model the electron 
transport from the base to the collector and estimate the base and collector transit 
times.
There have been some studies on the recombination processes in HBTs, also. 
Parikh et al. [26] derived a model for space-charge recombination current in the 
abrupt and graded single HBTs. They showed that if an energy barrier is present in 
the conduction band at the hetero junction, the space-charge recombination current 
becomes interrelated with the collector current.
Most of the previously reported work fail to give a clear physical picture of the 
transport mechanisms under a wide range of structures and people often resort to 
approximations or special cases to explain their analysis physically. However, Lee 
et al. [27] introduced a new approach in modeling the dc behavior of the HBT, 
based on the concept of ” transmission and reflection” of diffusing electrons in the 
base as they encounter the energy barrier made by the conduction band discon­
tinuity. The model is applicable to any hetero junction system, graded or abrupt, 
single or double. By using this model, Lee et al. [27] successfully generated the 
output characteristics of HBTs fabricated in their laboratory. They also described 
quantitatively the physical effects resulting in the collector-emitter offset voltage 
in the HBTs output characteristics. The present work uses the same approach of 
Lee et al. [27] to develop a generalized comprehensive formulation of the dc and 
ac characteristics of the HBT.
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CHAPTER 3 
THEORETICAL FORMULATION
3.1 General Formulation
In this section, the dc and ac modeling of a  general bipolar junction transistor 
is discussed. The energy band diagram of the device is illustrated in Figure 5. 
The emitter, base, and collector regions may have different band-gaps; however, 
no band discontinuity is allowed in the structure. Hence, in the device under study, 
the base-emitter and collector-base junctions are either homojunctions or graded 
hetero j unctions.
3.1.1 DC Modeling
The emitter and collector dc currents, Ig  and Ic, can be formulated based on 
Ebers-Moll equations, as follows:
Ie =  (/S’ +  /? ’) [ e x p ( ^ ) - l ] - a / S ' ( e x p ( - ^ ) - l l  . (3.1)
and
Ic  = a / S - [ e x p ( ^ ) - l l - ( / r + / ? ) | e x p ( - ^ ) - l l ,  (3.2)
where Vbe and Vcb are the base-emitter and collector-base applied voltages, re­
spectively, LgT is the thermal energy with the Boltzman constant and T  the 
absolute temperature, and I ^ ,  I ^ ,  I c ,  and a  are given by:
14
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/ “  =  4 2 5 5 2 1  c o t h ( ^ )  . (3.3)
L b L b
I ?  =  (3.4)
/J" =  . (3.5)
Lc
and
In Equations (3.3) to (3.6), q is the electronic charge, n°g is the equilibrium 
electron density in the base, Dg is the electron diffusion coefficient in the base, and 
Lg is the electron diffusion length in the base, defined as Lg =  (D grg ) 2  where rg 
is the electron recombination lifetime in the base. Similarly, pg is the equilibrium 
hole density in the emitter, Dg is the hole diffusion coefficient in the emitter, and 
Lg is the hole diffusion length in the emitter, defined as Lg =  (DgTg)z where rg 
is the hole recombination lifetime in the emitter. Finally, Dc- Lc, and tq are. 
respectively, the same parameters as pg, Dg, Lg, and rg defined for the collector 
region. Note that, for the sake of simpUcity, the current carried by electrons flowing 
from the emitter to the collector has been considered as a positive current. The 
neutral base width, W b , is given by;
Wb = W ^ ~  zgP * -  x p ’'^ , (3.7)
where is the metallurgical base width, is the base depletion width at the 
base-emitter junction, and is the base depletion width at the collector-base 
junction (Figure 5). The expressions for x ‘̂ ' ^  and are obtained by solving
the Poisson equation for the base-emitter and collector-base depletion layers, re­
spectively. These expressions depend on the composition and doping profiles of the 
junctions, and hence, they should be derived for each specific device, separately.
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The built-in voltages at the base-emitter and collector-base junctions, Vgg and 
are given by:
(3 .8)
TJVg TTg
and
(3.9)
where Ng and are the em itter and collector donor densities, respectively, and 
mg, mg, and mg are the electron effective masses in the emitter, base, and collector 
regions, respectively.
3.1.2 AC Modeling
Consider a device that operates at dc voltages Vgg and Vgg and is subjected to 
small ac voltages v̂ c and Vcb with frequency w. The instantaneous applied voltages, 
vbeW  and vcait), and resultant currents, zg(() and ic(t), are given by:
ngg(t) =  Vgg-I-Ufte exp(ju;t) , (3.10)
‘̂ c b {L) — VcB +  nc6 exp(jw() , (3 11)
2 g(t) =  fg -t- 2gexp(jwt) , (3.12)
and
ic{t) =  / c +  icexp(ju;t) , (3.13)
where n&g Vgg, <K Vgg, ie /g , and ic <K /g.
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3.1.2.1 K; Parameters
The parameters which are used to describe the transistor ac characteristics 
are defined as:
î/ee,u» — 
Z/ce.w =
h .
Vfjc
jc_
Vbe
Vcb=0
Vcb=0 U( « .= 0
(3.14)
At low frequencies, the above definitions for parameters are equivalent to:
V e e  =  
ycE =
d i s
ôVbe
d ie
ÔVbe
V q  b  = c o n a t a n t
y  E C  =
yea =
d h
dVcB
d ie
dVcB
VgE= constan t
VgE=con3tant
(3.15)
where the use of upper case subscripts and the omission of w in the parameters 
notation are to emphasize the low frequency nature. By substituting the expres­
sions for I e and Ie  given by Equations (3.1) to (3.6), into Equation (3.15), the low 
frequency y parameters are obtained as:
y E E  =
p % [ e x p ( ^ )  -  1] -  ( A e /r  +  a y S - e ) ( e x p ( - ^ )  -  1| , (3.16)
V e c  =
kBT
^ a / g ' e x p ( - ^ ) - b
kBT
kBT kBT
ycE =
Æ ( e x p { ^ )  -  1) -  (A c /?  +  a y ? c ) b x p ( - ^ )  -  Ij , (3.17) 
^ a / ? e x p ( ^ ) 4
(A c /?  +  a p ? E ) ( e x p ( ^ )  -  1| -  p % | e x p ( - ^ )  -  1] , (3.18)
and
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ycc = AgT' ° fegi
(A c /?  + « Æ ) [ e x p ( ^ )  -  11 - s ? c ( e x p ( - ^ )  -  1] . (3.19)
where y fg ,  y^g, Ag, and Ag are given by:
y^E ÔVbe V c  B  —c o n s t a n t  
o
= A
L b
Wb . 
L b
^BE
yac
disn
B
dVcB
=  A qL>Bn'B
Vgg=con3(ant 
o
L b
C O th = ( ^ ) ] ( ^  
L b L b
Ag =
da
dVgg
V c  B  = c o n 3 t a n t
^BEs in h (ff)
cosh::(%) Lg
(3.20)
(3.21)
(3.22)
and
Ag =
da
dVcB V g E = c o n s t a n t
s in h ( ^ )L b  )  ^ B C
c o sh ^ (^ )  L b
(3.23)
with ube and z/gg defined as:
^BE =
dW,B
dVgg
d x p ’’̂
dVgg
VcB=ccm3Zant
(3.24)
and
t^BC =
dWB
dVcB VgE=cona(an(
dVcB
(3.25)
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Similar to and x ^ ’̂ , the expressions for ■ and should be derived
for each specific device, separately. If the base doping density, iVg, is high compared
to the emitter and collector doping densities, Ng  and Afg, then and dx'
dep .C
dVcB
are negligible and so are ube and z/gg. In this case, all the terms including 
ygp, Ag, and Ag in Equations (3.16)-(3.19) can be neglected, resulting the following 
simplified formulae for the low frequency y parameters:
and
I f E E  =
Ve c  =  
ycE =
kBT
_£
kBT
_q
kBT
kBT
a / ? e x p ( - ^ )  , 
a / ? e x p ( 0 ) .
ycc — ^ ( / ^  +  / g ') e x p ( - ÿ % )  .UbT kBT
(3.26)
(3.27)
(3.28)
(3.29)
3.1 .2 . 2  Parameters
The parameters which are used to describe the transistor ac characteristics 
are defined as:
Ih/e,u; =  —
hoe.x = —  
ĉe
—
h r e ^  —
t6 = 0
U6e
ib
Z6e
«6 = 0
(3.30)
where ib is the base ac current and is equal to ie—ic, and Vce is the collector-emitter 
ac voltage and is equal to Vbe +Vcb- At low frequencies, the above definitions for 
parameters are equivalent to:
hpE =
d i r
d h
h i E  =
ÔVbe
VcÊ conatant d h V c  E'=conatant
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tlQE =
dVcE
The and parameters are related as:
hRE =
20
dVsE
I  B ^ c o n s t a n t  d V c E
(3.31)
I  B = c o n s t a n t
I,   1/c e .u ;  V ccmj  ,   1f̂e.Lj — • —
Uee.u Uec.ui Vcê uj " r  J/cc,-/ 1/ee.ui Vecĵ  1/ce.w i" l/cc^
L l/ee.wl/cc,u; ~  îfec*;î/ce,w  , l/ec,w 1/cc.w /o  o n \hoc.w — : — .(o.o2 )
1/ee.w Hec,ijj Vce^ t" Î/cc,u/ 1/ee.w 1/ec.w Vcê u/ "r" 1/cc.w
The low frequency h and y parameters are related as:
L ycE — ycc  L 1ftpg = ------------------------ :--------, tiiE =
yEE — i/Ec — ycE +  ycc ycc — ycc — ycE +  ycc
, yEEycc — yEcycE , yEc — ycc  oo\hoE = ------------------------ :------  1 fiRE = ---------------------------- ;------  ■ (3.33)
yEE — yEc — ycE +  ycc yEE — yEc — ycE +  ycc
3.1.2.3 Small Signal Equivalent Circuit
The small signal equivalent circuit of a transistor is shown in Figure 6 . The 
expressions for the circuit parameters, g^, Z^, and Zo can be derived in terms
of the y^ parameters, as follows.
Let Vcb = 0: by applying Kirchhoff current law (KCL) at the emitter and 
collector nodes in Figure 6 , and noting that now Vbe =  Vce, 4  and ic are obtained 
as:
(elt,^ » = 0  — 9mVbe +  ^  , (3.34)
and
»cL^=o =  9mVbe + ^  ■ (3.35)
Thus, yee.uj and ygg,̂  are resulted as:
yee^ =  ym + ^  , (3.36)
"TT
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and
(3.37)
Now, let ü6e =  0; by applying the KCL at the emitter and collector nodes in Figure 
6 , and noting that now Ud, =  4  and ic are obtained as:
Vcb (3.38)
and
ĉb ĉb
Thus, ycc.jj and ycc,., are resulted as:
yeĉ uj = IT
]_ 
Zo '
and
1 1
(3.39)
(3.40)
(3.41)
Equations (3.36), (3.37). (3.40), and (3.41) can be solved to obtain the expressions 
for the circuit parameters in terms of parameters, as follows:
9 m  — 1/ce.w yec ,u
1
1
Vbe
lE
VCB= 0  Vcb v b B =0
yee,ui ycejjj
is
Vbe VCB=0
'TT — ~{yec^ — ycc,x)
Vcb v b e = 0
(3.42)
(3.43)
(3.44)
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and
^  =  Vecw
"O
ÎE
Vcb
(3.45)
UBE=0
Separating the real and imaginary parts, Equations (3.43) and (3.42) can be rewrit­
ten as:
 ̂7T 
1
a
Vbe
yecMi
*'CB= 0  
r
Vc
’3
^  ^ be ,CB= 0  
1
~(i/ee.ii> Ucbm) UJ
Vcb v b e = 0
(Peĉ uj dccj )̂
(3.46)
(3.47)
(3.48)
and
Co
'■B
Lj Vcb v b e =0
(yL.w -  yLw) (3.49)
where the superscripts r  and i stand for real and imaginary, respectively.
Although the circuit parameters have been introduced in a purely mathemati­
cal framework, each of them corresponds to a specific physical phenomenon in the 
device, r,̂  is the differential resistance associated with the base-emitter junction 
and is dependent upon the value of the injected emitter current. C„ is the result of 
two parallel capacitances at the base-emitter junction, the depletion layer capac­
itance which is related to the majority carriers response to the junction voltage, 
and the diffusion capacitance which is related to the minority carriers response to
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the junction voltage, and play the same roles as and C,r, respectively, 
for the collector-base junction, is the device output resistance and is due to 
the Early effect. Finally. gmVBE represents the transistor main action as a voltage 
controlled current source realized through the collector current modulation by the 
base-emitter voltage. Since the base-emitter bias does not have significant capaci­
tive (charging) effect on the collector-base junction and vice versa, the imaginary 
part of yecMJ and yce^ can be ignored; therefore, the transconductance gm and out­
put impedance can be considered as real numbers and approximated with their 
real parts in Equations (3.42) and (3.45), respectively. Besides its use in simulating 
the small signal behavior of the transistor, the equivalent circuit clearly separates 
the complex resistive and capacitive effects in the device and relates them to the 
material parameters. Note that although the or parameters are defined for 
any mode of device operation, the equivalent circuit as illustrated in Figure 6  is 
applicable only for the forward active mode.
The short-circuit small signal current gain of the transistor is defined as 
which is indeed the definition for h and can be formulated as:
h/e.u; — i l
k Uce= 0
1
vm Zo
1
(3.50)
A schematic Bode plot for hfe,u is shown in Figure 7. The magnitude of hfe,u 
decreases with frequency; the frequency at which |h/e,u;| drops to unity is called the 
transistor cut-off frequency /j-. / r  is a measure of transistor gain and bandwidth, 
and hence is the most important figure for the device performance as an amplifier.
3.1.2 4 Derivation of AC Characteristics
Consider the base region of the device (Figure 5). The time and spatial evolu-
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tion of the instantaneous excess electron density in the base, Ang(z, (), is governed 
by the minority carrier continuity equation (MCCE), given by: 
n  d'^AriB{x,t) A ng (z ,t) dAnB{x,t)
— âï5--------------- —  =  — m — ■
The solution to Equation (3.51) has the general form of:
AnB(x ,t)  =  A u b Ix ) + Su b Ix) exp(jcjt) , (3.52)
where Arag(z) is the excess electron density in the base under steady state and 
^ng(x) is the excess electron density in the base due to the ac components of the
applied voltages, Vbe and Vcb- Substituting Equation (3.52) into (3.51), results in:
=  ju,6ns(x) , (3.53)
Ctx̂  Tg
=  0 . (3.54)
or
(PSnBjx) _  ^ng(x) 
dx^ Lb
\ + j u ) T B
The boundary conditions at the edges of the base depletion layers, i.e. x =  0 and 
X = Wb , are:
fa B (i =  0) = g ^ n ^ e x p ( ^ )  . (3.55)
and
<fmg(x =  Wg) =  . (3.56)
The solution for the second order differential equation given by Equation (3.54) 
with boundary conditions given by Equations (3.55) and (3.56), is:
S t i b { x ) =  -
s in h [ ^ ( l  +  ju;rg)2 ]
+ > u ,T B ) i le x p ( ^ )  -
0 s i n h ( ^ ( l + , W B ) f l e x p ( - 0 ) }  . (3.57)
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The ac electron current at the emitter depletion layer edge, i.e. x  =  —W ^ ,  is 
obtained from Equation (3.57) as:
=  4:(o)
dôriBix)
= — AqD b - dx x=0
=  -I-jWTg)2 c o t h [ ^ ( l  + j w T g ) : ] e x p ( ^ ^ )  +
(3.58)
Equation (3.58) can be rearranged as:
ç ( - V r lS )  = | ^ / » e x p ( ^ )  +  & / ? „ e x p ( - ^ ) ,  (3.59)
where
7b"-; = {I + îu t b Ÿ̂  c o t h [ ^ ( l  +  jWTg):] , (3.60)
;S
and
(3.61)
COSh[^(l -t-jwTg):]
Similarly, the MCCE for instantaneous excess hole densities in the emitter and 
collector can be solved to obtain the corresponding expressions for the ac hole cur­
rents. Adding up the electron and hole components of the currents appropriately, 
the ac version of Ebers-Moll equations for ie and ig are obtained as:
i, =  % ( / ? .  +  % ) e x p ( ÿ % )  +  ^ o . % e x p ( - ^ )  . (3.62)
and
^ ^ k B T '  kBT fcgT
+  . (3.63)
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where
+  j"u;tb) 2  c o t h [ ^ ( l  +  jcvTg)^] . (3.64)
L b L b
9DepI^
=  A 2 5 s2 S (l+ ;w T c ) i , (3.66)
Lc
=  4 2 ± ^ ( l + ; w T g ) ;  , (3.65)
L e
and
1 (3.67)
c o s h [^ ( l  +  ]ujtb)^\
By substituting Equations (3.62) and (3.63) into Equation (3.14), the parame­
ters are obtained as:
V..W =  ^ ( / ? „  +  / | ; j e x p ( ^ ) .  (3.68)
and
+ (3.71)
By substituting Equations (3.68)-(3.71) into Equations (3.42)-(3.45). the circuit
parameters are obtained as:
s™ =  ; ^ « w % [ e x p ( ^ )  - e x p ( - ^ ) |  , (3.72)
i  =
'■ -  V l ( l - o „ ) / ? „  + / ? J e x p ( - ^ ) ,  (3.74)
and
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While deriving the ac currents i, and h  given by Equations (3.62) and (3.63), 
the following simplifications were made. Firstly, the ac changes of the neutral 
base width, Wg, due to the ac voltages, Vbe and Vcb, are neglected. Secondly, the 
time needed for the injected carriers to cross the base-emitter and collector-base 
depletion layers is neglected. The first simphfication results in the exclusion of 
the Early effect which is reasonable for a heavily doped base, as W g does not 
change much with the device biases. Additionally, it results in the exclusion of the 
depletion layers capacitances which is incorrect specially in low level of injection 
where the depletion capacitances are the dominant ones in the device. In order to 
avoid these problems, the MCCE must be solved along with moving boundaries, 
which is not feasible by analytical methods. Instead, the dc expressions for the 
depletion capacitances, and C ^ ,  wül be used to correct and and hence, 
the parameters. and are given by:
C f  =  AqN[
and
(3.76)
dVgs
c r  =  (3.77)
j^dep.E j^dep.C
and similar to and , they should be derived for each specific device,
separately. The second simplification is equivalent to the exclusion of the time 
delays in the currents, resulted while flowing through the depletion layers. This 
is reasonable for the relatively narrow base-emitter depletion layer, but not so for 
the collector-base junction, as the collector region is usually lightly doped and 
hence, the collector-base depletion width is large specially in forward active mode 
of operation. To correct for this effect, the MCCE for the electrons must be solved 
over an extended region including the collector-base depletion layer, which is out
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of the scope of this work. Instead, the time delay, resulted while electrons 
cross the collector-base depletion layer, is simulated in the equivalent circuit by 
adding a second capacitance, between the base and collector terminals in
parallel with given by;
(.delay _  ^^lay
= - ^ g m ,  (3-78)
V sat
where is the collector-base depletion layer width and v^at is the saturation
velocity with which the electrons travel through this layer [28]. After these correc­
tions. the ŷ i parameters given by Equations (3.68)-(3.71), are modified to:
= ^ ( / ? „  + /? „ )e x p (^ )+ ja .C f> ' , (3.79)
= ^ " . / Z e x p ( - ^ )  , (3.80)
= ï f f ““' K .e x p ( ^ )  , (3.81)
and
^ i ran , r«P \ ____/= ^ ( %  + % )  exp( - ^ ) + . (3.82)
Similarly, the circuit parameters given by Equations (3.72)-(3.75), are modified to:
9 - = ^ » . / ? J e x p ( ^ )  -  e x p ( - ^ ) |  . (3.83)
h  = ^ 1 ( 1  -  «" )%  + /g w le x p ( ^ )  . (3.84)
T = ^ 1 ( 1 + (3.85)
and
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Due to the complex nature of the ac characteristics, further simplification of 
the expressions for the circuit parameters is not possible. Equations (3.83)-(3.86) 
can be used along with Equation (3.50) to analyze the frequency behavior of hfê ĵ 
and thus determine the cut-off frequency, /? .
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3.2 Graded Single HBT
The graded single HBT (Figure 1 ) can be modeled by using the general formu­
lation developed in Section 3.1, along with the appropriate expressions for 
x ^ '^ ,  presented in the following. The expression for
x ^ ’̂  is obtained by solving the Poisson equation for the base-emitter depletion
layer including the graded layer with a position dependent permittivity as [29]:
_ dep ,E  M  +  ( ^ 2  +  !z ,  = -----------— -----------  , (3.87)
with
A2 =  Q ~^W gg{—  — 1 ) , (3.89)
(B eg
and
A3 =  -  Vgg -  - y — (VF^g)"(l------ ^ ) ( l - 7 ~ ) -  (3.90)2 eg eg 0  eg
The expression for Xg^’̂  is the one for a homo junction [28], given by:
dep.c 1 26g /V g(gV ^ 4-yVgg) i
r r #  ^
In Equations (3.87)-(3.91), eg, eg, and eg are the emitter, base, and collector
permittivities, respectively, and is the base-emitter junction grading width.
, d c p , E  ^ ^ d e p , C
The expressions for and are obtained from Equations (3.87)-(3.91)
as:
j  dep.E
— ^—  =  —(Ag -F 4-4iA3 ) - , (3.92)
aVBE
and
iVcB 2qN% 'l + Q
‘̂ E
(3.93)
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Substituting Equations (3.92) and (3.93) into Equations (3.76) and (3.77), respec­
tively, the expressions for and are obtained as:
=  A q N % {A l+ A A M --^  . (3.94)
and
C i r  =  +  . (3.95)
 ̂+  ivf
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3.3 Abrupt Single HBT
In the abrupt single HBT (Figure 2), the presence of the energy barrier made 
by the conduction band discontinuity retards the electron flow, resulting in a few 
modifications in the general formulation developed in Section 3.1, as discussed in 
this section.
3.3.1 DC Modeling
3.3.1.1 Derivation of DC Characteristics
The emitter and collector dc electron currents of the abrupt device, /g" and 
/g", can be modeled based on their counterparts in the general formulation of 
Section 3.1, including transmission and reflection processes occurring at the energy 
barrier [27], as follows. Consider the electron injection from the emitter (Figure 
8.a). The electrons incident to the barrier get transmitted and reflected by it. The 
incident and reflected electrons, together, form that component of /g" which is 
injected from the emitter, This process can be mathematically described
as:
7g I gin; =  — (1 — Tg) hlEiTij
= Te 7g|g,„, - (3.96)
where
(3.97)
according to Equation (3.1). Tg is the transmission coefficient of the barrier. The 
transmitted electrons diffuse through the base and form that component of /g" 
which is injected from the emitter, 7c"|g,n_,. This process can be mathematically
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described as:
7 g  I E m ; “  7 g |g ,> , j  , (3.98)
where a  is the base transport factor given by Equation (3.6). Now, consider the 
electron injection from the collector (Figure 8.b). After diffusing through the base, 
the incident electrons get transmitted and reflected by the barrier. The transmitted 
electrons form that component of which is injected from the collector. 7g"|gin; . 
The reflected electrons diffuse back through the base, back to the collector, and 
together with the incident electrons form that component of /g "  which is injected 
from the collector, / c ” lcin;- These processes can be mathematically described as:
7 e  I C m ; ~  Ic\cinj ’ (3.99)
and
7 c  I C m ; — 7 g |g ; ^ j  o : " ( l  T e ) 7 g |g , „ j
= [1 -  0^ ( 1- T g ) ] / J i g , . (3.100)
where
7 c l c m ;  — 7|"[exp( ' (3.101)
according to Equation (3.2). The hole transport in the abrupt device is not affected 
by the valence band discontinuity, since no energy barrier is created in the valence 
band as in the conduction band at the base-emitter heterojunction. Hence, the 
emitter and collector hole currents of the abrupt device, and /g^. are given 
by:
i r  = 7 ^ , (3.102)
and
7JP =  / J ,  (3.103)
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where
I l  =  / ? [ e x p ( ^ )  -  1| , (3.104)
and
I I  =  - / ? [ e x p ( - ^ )  -  1| . (3.105)
according to Equations (3.1) and (3.2). The total emitter and collector currents 
of the abrupt device, I  g and / J ,  are obtained by adding, appropriately, the com­
ponents given by Equation (3.96), (3.98), (3.99), (3.100), (3.102), and (3.103), as 
follows:
Ie — Te +  olTe Iclcinj lg  ’ (3.106)
and
/g  =  oTe +  T , + / g . (3.107)
where
%3 =  I - a ^ l - Te ) .  (3.108)
Substituting Equations (3.97), (3.101), (3.104), and (3.105) into Equations (3.106) 
and (3.107), the dc characteristics of the abrupt single HBT are obtained as:
/ |  = (T g /?  +  / ? ) [ e x p ( ^ )  -  1] -  a T E / ? [ e x p ( - ^ )  -  1] . (3.109)
and
/ J  = a T E / ? [ e x p ( ^ )  -  1] -  ( r , / ?  +  7J”) [ e x p ( - ^ )  -  1| . (3.110)
The expressions for and Xg^'^ are given by:
dep.B _  1 r2€gAfg(AE|g -f qV^g ~  qVgE) , l  m m
1 +  ^  ' '
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and
dep.C _  1 ,2eBNl{qV^g+qVcB],l  ,
-  ,iV |l L +  ^
where AEgg  is the conduction band discontinuity at the base-emitter junction.
3.3.1.2 Transmission Coefficient
The physical mechanisms of electron transport across the conduction band bar­
rier at the base-emitter junction are quantum tunneling and thermionic emission. 
Between these two, the tunneling contribution to the electron current is shown to 
be neghgible for a wide range of heterojunction configurations, due to the relatively 
wide energy barrier at the junction [18]. Considering the thermionic emission as 
the effective transport mechanism, only the electrons with thermal energies ex­
ceeding the barrier height are transmitted and the rest are reflected (Figure 9). 
Assuming a Maxwellian distribution for the electrons, the transmission coefficient 
through the barrier, Tg, is given by:
„ y 6 a r r t e r
T e = e x p ( - 7— ) . (3.113)
where
^  • (3.114)
The electrons that surmount the energy barrier are injected into the base with 
high kinetic energy, and hence, they behave as a thermodynamic system with 
a temperature much higher than the lattice temperature. These so-called “hot 
electrons'’ enter the base with high forward velocity and high diffusion coefficient, 
Dg, but they undergo scattering events while crossing the base region and loose
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part of their initial kinetic energy before reaching the collector-base junction. Their 
rate of thermaJization depends on the base width. In a narrow base device, the 
electrons undergo very few scattering events and hence, are expected to cross the 
base without significant decrease in their kinetic energy or temperature. In a wide 
base device, the electrons undergo many scattering events and hence, are expected 
to loose most of their extra kinetic energy and come into thermal equilibrium with 
the lattice before reaching the collector-base junction. To derive the expressions 
for the abrupt device dc currents given by Equations (3.109) and (3.110), it is 
implicitly assumed that the base is narrow enough to let the electrons traverse the 
whole base width with the initial high kinetic energy, forward velocity, and diffusion 
coefficient, Dg- This assumption is well-justified, because wide base devices are 
not of interest for HBT design. For wide base devices where the assumption is 
not valid anymore, the diffusion of hot electrons through the base takes place with 
a position dependent diffusion coefficient, D g ( x ) ,  determined by the scattering 
mechanisms of the hot electrons. In this case, the transport problem can not be 
formulated by the Ebers-Moll equations anymore; instead, it requires the solution 
of the Boltzman transport equation [28].
3.3.2 AC Modeling
3.3.2.1 Derivation of AC Characteristics
Consider a device that operates at dc voltages Vgg and Vcg and is subjected to 
small ac voltages Vbe and Uc6 with frequency uj. The instantaneous applied voltages, 
ugg(t) and vcait), and resultant currents, ig{t) and ig(t), are given by;
Ugg(t) =  V g E  + Vbeexp{jujt) , (3.115)
vcait) = V cg+  Vcbexp{jujt) , (3.116)
i°g{t) =  /g  4- ig exp(jwt) , (3.117)
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and
ic(t) = 7g-h i“ exp(jcjt) . (3.118)
The transmission coefficient has an ac term due to its bias dependency, as follows:
tg(t) =  TE + hexpijujt) , (3.119)
where
-  -aRW"
The emitter and collector ac electron currents of the abrupt device, and i“’", 
can be modeled based on their counterparts in the general formulation, including 
transmission and reflection processes occurring at the energy barrier. Using a sim­
ilar procedure to that employed in Subsection 3.3.1 and including the ac current 
components resulting from the ac part of the transmission coefficient, the ac elec­
tron currents of the abrupt device injected from the emitter, Ze’"lg£„j and ,
and the ones injected from the collector, obtained as:
i” | - t *  tg 7g| , (3.121)
c'"lEinj “  OC,ojTe ielEinj d" OCu/te 7g|g,„j , (3.122)
~  <̂ u;Tg -t-ate Tclcmj ’ (3.123)
I
and
(3 124)
where
(3.125)
e , E i n j  k g T  k g T
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and
according to Equations (3.62) and (3.63), and /glgjnj, and /gicm; given 
by Equations (3.67), (3.97), and (3.101), respectively. The emitter and collector 
ac hole currents of the abrupt device, and i“’P, are not affected by the valence 
band discontinuity and hence, are given by:
C  =  €  , (3.127)
and
where
=
i!"  =  z? , (3.128)
0 / ? „ e x p ( ^ )  , (3.129)
and
-, . (8130)
according to Equations (3.62) and (3.63). Using Equations (3.121)-(3.130), the 
emitter and collector ac currents of the abrupt single HBT, and t“. are obtained 
as:
QVbe . _  \ / 7Vg£ QVçb rp ran / QVcB •Z
and
l . / ? [ e x p ( ^ )  -  1] - a t , / ? [ e x p ( - ^ )  -  1] . (3.131)
-  ^ ^y0 ..rE /s"„exp (’̂ ^ ^ ) l - ’^ j,(T 3 .../? .,- l/tL )e x p (  ) +
o . . t , / ? ( e x p ( ^ )  -  1] -  a a „ ( , / ? [ e x p ( - ^ )  -  1] . (3.132)
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3.3.2.2 Yo, Parameters
Substituting the expressions for the dc currents given by Equations (3.109) and 
(3.110) into Equation (3.15), the low frequency y parameters for the abrupt single 
HBT are obtained as:
y%. = jf5= (T E /?  +  / ? ) ] e x p ( 0 )  +
[ueI ^  + T gyg*g)[exp(^^) -  1] -
(A gTg/^ +  a u E l f  + a T g y g * g ) [e x p ( -^ )  -  1] . (3.133)
/Vî/Bc[exp(— -  lj -
(AcTe / ?  +  o r E y ? c ) ( « x p ( - ^ )  -  1] . (3.134)
(A eT e/?  +  o u e I ^  + Q T E !/? E )!e x p (^ )  -  1| -  
(u s e /?  + r 3 ÿ ? E ) l e x p ( - ^ )  -  1| , (3.135)
and
Æ c =  ^ ( T 3 / ?  +  / ? ) « x p ( - ^ )  +
(Ac Te / ?  +  a T E P ? c ) [ e x p ( ^ )  -  1] -
( i i ,c /?  +  r 3 p g g ) [ e x p ( - ^ )  -  1| , (3.136)
where
dTg
^ Te , (3.137)
t a r ( l  +
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liZE = dVrB E Vc8=cori3tant
=  a  u e  — 2a(l — T e ) X e  , (3.138)
and
uzc =
dTz
dVrC B VgE=cona(an(
= —2a(l — Te )Ac ■ (3.139)
^ d e p , B
The expressions for and are obtained from Equations (3.111) and
(3.112) as:
B E
and
dVcB
(3.141)
If the base doping density, Ng, is high compared to the emitter and collec-
^^<iep,£ j^dcp.C
tor doping densities. Ng and Nq, then . and ug are negligible. In
this case, the expressions for the low frequency y parameters given by Equations 
(3.133)-(3.136), reduce to:
yEE
V e c
V C E
^ a r . / F e x p ( - ^ )  , 
^ a r . / 3~ e x p ( ^ )  ,
(3.142)
(3.143)
(3.144)
and
ycc  =  ̂ ( r 3 / | ” +  / ^ ) ] e x p ( - ^ )  .keT k s T
(3.145)
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Substituting the expressions for the ac currents given by Equations (3.131) and
(3.132) into Equation (3.14), and modifying the results to include the depletion 
capacitances of the base-emitter and collector-base junctions and the collector- 
base depletion layer transit time, the t/a> parameters for the abrupt double HBT 
are obtained as:
U E /S - ( e x p ( ^ )  -  1| -  a u E / g - [ e x p ( - ^ )  -  1] +  . (3.146)
. (3.147)
IcbT *
» w "E /™ [ex p (^ ^ ) -  1] -  aa„UE/g‘[ e x p ( - ^ ^ )  -  1] , (3.148)
and
=  r 4 ? ( r 3 /S l  +  r g . , ) i e x p ( - ^ ) + > u . c f '+ i u / C f “‘' .  (3.149)
Substituting Equations (3.140) and (3.141) into Equations (3.76) and (3.75). re­
spectively, the expressions for and are obtained as:
C f  = ) * ( A %  + qVpE -  qVBE)-i ■ (3.150)
and
c f  =  A \ ( ^ ^ ) H q V g B + q V c B ) - ' -  ■ (3.151)
and the expression for is given by Equation (3.78).
3.3 2.3 Parameters 
The low frequency h parameters of the abrupt single HBT are calculated by
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substituting the expressions for the low frequency y parameters given by Equations 
(3-133)-(3.136) into Equation (3.31). The hjj parameters are calculated by substi­
tuting the expressions for the y^ parameters given by Equations (3.146)-(3.149) 
into Equation (3.30).
3.3.2.4 Small Signal Equivalent Circuit
The small signal equivalent circuit parameters of the abrupt single HBT are 
obtained by substituting the expressions for the y^ parameters given by Equations 
(3.146)-(3.149) into Equations (3.42)-(3.45), as follows:
a „ U E / r ( e x p ( ^ )  -  1] -  a a „ ! ,E / S - [ e x p ( - ^ )  -  1| . (3.152)
’  : [ ( l - a . , ) T Æ  +  / g l , ) e x p ( ^ )  +
Z ; ‘  k s T
( 1  -  a „ ) tiE / |r " [e x p (^ ^ )  -  1 ] -
( 1  -  a „ ) a U E /? - ( e x p ( - ^ )  -  1| + . (3.153)
F  = + 3<^Clr + ■ a-loA)
and
’  e x p ( - ^ )  . (3.155)
ZJ k a T  " “ k a T
To obtain the transistor cut-off frequency, / t , ,  Equation (3.50) along with Equa­
tions (3.152)-(3.155) can be used to analyze the frequency dependency of h/e,u; aJid 
thus determine the frequency for which it drops to unity.
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3.4 Graded Double HBT
The graded double HBT (Figure 3) can be modeled by using the general formu­
lation developed in Section 3.1. along with the appropriate expressions for
and presented in the following. The expressions for 
x ^ ’̂  and are obtained by solving the Poisson equation for the base-emitter 
and collector-base depletion layers, respectively, including the graded layers with 
position dependent permittivities as [29]:
^  A2-\-{Al^+4AiAz)_i   ̂ (3.156)
and
2Ai
^  B2  + ( g ; + 4 5 , 8 3 ); (3 .1 5 7 )
with
2 Ai
A 2  =  q —~ ^ B E i ---------1) , (3.159)
(B ^E
A 3  =  ^ B E ~ ^ B E - x q —^(1'Fb£;)^(1----- ^ ) ( 1 - T  — ) .  (3.160)Z €e Cfl D €b
«■ =  5 ’ f
B 2  =  ? ^ H 7 » 3 ( ^ - 1 ) ,  (3.162)
cb
and
B3 =  VcB + ^CB -   (3.163)2 €c eg D eg
where Wgg and Ŵ '̂ g are the base-emitter and collector-base junction grading
^dcp.S j^dep.C
widths, respectively. The expressions for and are obtained from
Equations (3.156)-(3.163) as:
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=  - { A \+ A A ,A 3 ) -  , (3.164)
cLV b e
and
=  - ( B I + 4 B 1 B3 ) "  . (3.165)
dVcB
Substituting Equations (3.164) and (3.165) into Equations (3.76) and (3.77), re­
spectively, the expressions for and are obtained as:
=  A qN ^g{A l+ 4A iA 3)"  , (3.166)
and
=  A qN % {B l+ ^xB z)--^  . (3.167)
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3.5 Abrupt Double HBT
Three possible structures for the abrupt double HBT along with their energy 
band diagrams are shown in Figures 10, 11, and 12. The presence of the energy 
barrier(s) made by the conduction band discontinuity(s) retards the electron flow, 
resulting in a few modifications in the general formulation developed in Section
3.1. In the present section, these modifications are discussed for the abrupt double 
HBT shown in Figure 12. The results are directly applicable to the two other 
abrupt devices shown in Figures 10 and 11.
3.5.1 DC Modeling
3.5.1 . 1  Derivation of DC Characteristics
The emitter and collector dc electron currents of the abrupt device, /g "  and 
/g ”, can be modeled based on their counterparts in the general formulation, includ­
ing multiple transmission and reflection processes occurring at the energy barriers 
[27], as follows. Consider the electron injection from the emitter (Figure 13). The 
electron current incident to the base-emitter junction barrier, , gets trans­
mitted and reflected by it. The incident and reflected electron currents form the 
first component of /g"  injected from the emitter, fg^lg.ny. The transmitted elec­
tron current diffuses through the base and forms the first component of injected 
from the emitter, These processes can be mathematically described as:
= t e  m E i u i . (3.168)
and
, (3 169)
where Te is the transmission coefficient for the base-emitter junction barrier. Next,
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Ic'^^Einj gets reflected by the collector-base junction barrier. The reflected electron 
current forms the second component of /g" injected from the emitter, fc^lKni- 
The reflected electron current diffuses through the base and forms the second 
component of /g" injected from the emitter, These processes can be
mathematically described as;
(3.170)
and
I Bin; — ^ \Einj ■ (3.171)
where Tc is the transmission coefficient for the collector-base junction barrier. 
Next, fg^lginj gets reflected by the base-emitter junction barrier. The reflected 
electron current forms the third component of / g ” injected from the emitter. 
The reflected electron current diffuses through the base and forms the 
third component of injected from the emitter, These processes can
be mathematically described as:
=  - ( l - T E ) / ^ " l L ; ,  (3172)
and
/ n k i  =  “  • (3-173)
Similar expressions can be written for higher order transmission and reflection 
processes. The total emitter and collector electron currents of the abrupt device, 
injected from the emitter, /g"|gi„_, and are the sum of ail the components
and and can be formulated as:
r a . n i  _  ra ,n , i
^ E  l E i n j  — \ E i n j
i
=  T, . (3.174)
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and
where
and
ra.ni _  ra,n I I
l E i n j  ~  2 ^  \E in i
i
= « Î 2  7SIe,„j . (3.175)
7-3 =
According to Equation (3.1), /g|g,„y is given by:
n \E i . ,  =  f r k x p ( ^ )  - 1 ] .  (3.178)
Now, consider the electron injection from the collector. Using a similar procedure, 
the emitter and collector electron currents of the abrupt device, injected from the 
collector, /g^lcmy and fc^lcmy’ are obtained as:
l T \ c i . ,  = «T, , (3.179)
and
lc"lcm i = T, , (3.180)
where
7-3 =  1 . (3.181)
According to Equation (3.2), Ic\cinj is given by:
^ \c in j  ~  ~7g"[exp( j ,  ) — 1 ] (3.182)
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The hole transport in the abrupt device is not affected by the valence band discon­
tinuities at the abrupt junctions. Hence, the emitter and collector hole currents of 
the abrupt device, and are given by:
r /  =  I e - (3.183)
and
=  Fc • (3.184)
where
Fe =  F i [ e x p { ^ ) ~ l l .  (3.185)
and
75 =  - / J > ( e x p ( - ^ )  -  1] . (3.186)
according to Equations (3.1) and (3.2). The total emitter and collector currents
of the abrupt device, I  g and /^ , are given by:
1% = r ,  7glB,j +  « Is  7glcw +  - (3-187)
and
7ê =  +  (3.188)
Substituting Equations (3.178), (3.182), (3.185), and (3.186) into Equations (3.187) 
and (3.188), the dc characteristics of the abrupt single HBT are obtained as:
1% = (T,/S ' +  / g ' ) [ e x p ( ^ ) - l l - Q r , / S > [ e x p ( - ^ ) - l | ,  (3.189)
and
Fc =  a r 2 /S > le x p ( ^ )  -  1] -  (T^l^  +  7 g ' ) [ e x p ( - ^ )  -  1] . (3.190)
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The expressions for and x ^ '^  are given by;
dep.E _  1 .2€BiVg(AÆ|fl +  qV^E -  qVBE).l  /g iq ii
«Bll'lr
and
dep,C _  1 2eBN%(Ù^E^cB +  qV^B +  qVcB). i  , Q2 1
where AEgg and A E gg  are the conduction band discontinuities at the base- 
emitter and collector-base junctions, respectively.
3.5.1.2 Transmission Coefficients
Since the tunneling currents through the energy barriers are negligible, the 
mechanism of electron transport across the barriers is essentially the thermionic 
emission. Assuming a Maxwellian energy distribution for the electrons, the ex­
pressions for the transmission coefficients, Tg and Tc, are given by:
^ybarrier
T e  = e x p (- -̂ f % -  ) , (3.193)
and
where
„ y 6 a m e r
To = e x p ( -^- f ^  -  ) , (3.194)
KrI
and
y ^ ^ e r  _  _  _ i ---- ' . (3.196)A E ^n  +  ^CB +  ^CB
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To derive the expressions for the abrupt device dc currents given by Equations 
(3.189) and (1.190), it is implicitly assumed that the collector-base barrier trans­
mission coefficient, Tc, is the same for the electrons incident from the base side 
and the ones incident from the collector side. However, the barrier transmission 
coefficient depends on the energy distribution of the incident electrons, in addition 
to the shape of the barrier. The assumption of same Tc for electrons incident from 
both directions is justified only if the electrons have identical energy distributions. 
The electrons incident from the collector side are in thermal equilibrium with the 
lattice. On the other hand, the electrons incident from the base side are initially 
hot electrons and not in thermal equilibrium with the lattice. For the assumption 
to be valid, the electrons incident from the base side should come into equiUbrium 
with the lattice before reaching the collector-base junction. This will be the case if 
the base is wide enough to allow sufficient scattering for the electrons to equilibrate 
with the lattice. In this case, the electrons trapped in the well formed by the two 
energy barriers at the base-emitter and collector-base junctions, get recombined 
with the holes (the majority carriers in the base), resulting in a large base current 
and a small collector current, a significant degradation of the transistor perfor­
mance. If the base is narrow, the electrons injected from the emitter are still hot 
when reaching the collector-base barrier. In this case, depending to the energy 
distribution of the electrons, two scenarios of transport across the collector-base 
barrier are possible as illustrated in Figure 14. If the lowest energy in the elec­
trons energy spectrum exceeds the collector-base energy barrier height, then the 
electrons surpass it without getting influenced by its presence at all (Figure 14.a). 
If the barrier height exceeds the lowest energy in the electrons energy spectrum, 
then the electrons get partly transm itted and reflected while crossing the barrier 
(Figure I4.b). Similar arguments hold for the the base-emitter barrier transmis­
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sion coefficient, Tg, and the electrons incident to the barrier from the base and 
collector sides. For the situation shown in Figure 14.a, the device currents, I  g and 
Ic, axe formulated as:
n  =  (T E /f  +  /g’) [ e x p ( ^ ) - l ] - Q T E / r l e x p ( - j ^ ) - l ] .  (3.197)
and
/J  = -  11 -  m i f f  + 7?’) [ e x p ( - ^ )  -  1| . (3.198)
where
n  =  7 b [ l - a " ( l - ^ ) |  (3.199)
J-c
3.5.2 AC Modeling
3.5.2 . 1  Derivation of AC Characteristics
Consider a device that operates at dc voltages Vgg and Vcb and is subjected to 
small ac voltages Vbe and Vcb with frequency w. The instantaneous applied voltages, 
VBsit) and ucg(t), and resultant currents. ig{t) and (^(t), are given by:
UBg(t) =  Vbe + Vbe exp(jwt) , (3.200)
vcBit) =  Vc b + Vcbexp{ju)t) , (3.201)
ig{t) =  /g  +  ig exp(jwt) , (3.202)
and
ig(t) =  Iq + expijujt) . (3.203)
Using a similar procedure to that employed in Subsection 3.5.1, the emitter and
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collector ac currents of the abrupt double HBT, and i“, are obtained as:
qVBE rsn , rsp \  r Q ^ B E , , _ rr, ran  / Q^CB ■
•« =  +  +  , (3.204)
and
where
7-..- =
and
=  1 % ( ! : % , â ' f l , - • <3.208,
The inclusion of the ac changes of the transmission coefficients given by:
ÈE i t )  =  T e +  t e e x p { j u j t )  , ( 3 . 2 0 9 )
and
t c { t )  =  T c  +  t c B x p i j u j t )  , ( 3 . 2 1 0 )
where
■  - S S T % ’'- '
and
*• ■ = € % ' ' '  '
brings considerable mathematical complexity in the analysis of the ac currents. For 
designs of practical interest, the base doping density, Ng, is much more heavier
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than that of the emitter and collector, and Nq. In this case, according to 
Equations (3.210) and (3.211), the ac changes of the transmission coefficients are 
negligible, and so are their contribution to the ac currents. The expressions for 
the ac currents given in Equations (3.203) and (3.204) are derived based on such 
an assumption of heavily doped base.
3.5.2.2 K, Parameters
By substituting the expressions for the dc currents given by Equations (3.203) 
and (3.204) into Equation (3.15), the low frequency y parameters for the abrupt 
double HBT are obtained as:
Æe =  j f ÿ ( r , / r + / ? ) ] e x p ( 0 )  +
(uiElff + T , ! / % ) |e x p ( ^ )  -  11 -
(AeT ,/?  +  Q usE /f +  a r , ÿ g 'E ) ( e x p ( - ^ )  -  1| . (3.213)
y ic  =  5 f r “ ^ ^ 7 ? e x p ( - 0 )  +
(u ic l f f  +  T iÿ S -c ) le x p ( ^ )  -  1 ) -
(A cT ./r  +  au2clff  + a r ,ÿ g b ) [ e x p ( - ^ ^ )  -  Ij ■ (3.214)
qVaE,
and
(A gT z/g  4- a u o g /g  +  a T ,( /g ^ ) [ e x p ( - ^ ^ )  -  1] -
(u sE /f  +  T 3 y f f E ) b M - ^ )  -  11 . (3.215)
" k  =  ; ^ ( r , / y  +  / n | e x p ( - 0 ^ )  +
(A cT j/r +  au2clff  + aT 2 ÿ S ; ) [ e x p ( ^ )  -  1 ] -
(e3c/s +  Î 3 ÿ S r ) [ e x p ( - ^ )  -  1] , (3.216)
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w h e r e
VLlE =
&Tx
ôVbe Vc B  = co T i3t a n t
[1  — Q^(l — Tc)]^
UlC
U2E =
V-2C
Use =
Use =
[1 -  a 2(1- - T e ) ( 1 -  T c ) V
d T i
d V c B Vc b = c o r i 3 t a n t
[1 -  a 2(1 - T e ) { 1 - T c ) V
d T 2
d V c B Vc b = c o n 3 t a n t
T c [ l - 0 ^ (1  — T c ) ]
[1 -  Q2(1 - T e ) H -  T c ) ?
m
d V c B Vc b = c o n .3 t a n t
T e [ 1 - Q ^ { 1  — T c ) ]
[1 -  a 2(1 - T e ) { 1 -  T c ) ?
a ? : ;
d V c B Vc b = c o n 3 t a n t
[1 — Q 2(1 - T e ) { 1 -  T c ) ?
d T z
d V c B Vc b = c o n 3 t a n t
[1 - a H l - T c ) \ ^
Ue —
2 a T i ( l  -  T c )
; X e  , ( 3 . 2 1 7 )
uc —
2 a T | ( l - T c )
■ M  ■ ( 3 - 2 1 8 )
a ,  + 3«rE Tc(l -  T e ) ( 1  -  T c K ^  ̂ (3 ,2 ig ,
“ C  +  . , . ^ : i( a c  , ( 3 . 2 2 0 )
[1 -  q 2 ( 1  -  T e ) ( 1  -  T c ) Y ' ^  [1 -  q 2 ( 1  -  T e ) ( 1  -  T c W
2 a T g ( l  -  T e )
A c  , ( 3 . 2 2 2 )
w i t h
a n d
Ue = (T T e
( I V b e
-Q
ABT( 1  +
T e  , ( 3 . 2 2 3 )
Uc =
dTc
dVcB
T c  . ( 3 . 2 2 4 )
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The expressions for and are obtained from Equations (3.191) and
(3.192) as:
d x f - ^  q I , 2eaN%
( —  . J - F i ^ E i s + y V a E - y V a E n  ■ (3.225)
and
dVaa 2 g jV |'i  +  a ^
=  5 ^ ( Y ^ ) n A 8 j E + , K ? E + , K c s ) - 7 .  (3.226)
j ^ d e p . E  ^ d c p . C
For a device with heavily doped base, ~^cb~' ^re negligible. In
this case, the expressions for the low frequency y parameters given by Equations
(3.212) to (3.215) reduce to:
a ia  = ^ ( r , / r + : E ) « V ( ^ )  . (3 227)
ÿ |c  = ^ a T ^ I f f e x p i - ^ ) -  (3228)
y ia  = j ^ a T i / S - e x p ) ^ )  , (3.229)
and
ycc = îfr(7(>7S* +  7 c ) « p ( - ^ ) . (3.230)
By substituting the expressions for the ac currents given by Equations (3.203) and 
(3.204) into Equation (3.14) and modifying the results to include the depletion 
capacitances and the collector depletion layer transit time, the yuj parameters for 
the abrupt double HBT are obtained as:
C.W =  + l o j C f  , (3.231)
■ (3.232)
, (3.233)
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and
= i f f  e x p ( - ^ )  +  ;w C ^ + J l u c f  » . (3.234)
Substituting Equations (3.224) and (3.225) into Equations (3.76) and (3.77). re­
spectively, the expressions for and are obtained as:
Cir = 4 ( -5 ^ ^ ^ )4 (A B |g  + ,V|'E-?VBE)-i , (3.235)
and
C i r  =  A |( - 2 f ^ ) è ( A £ 5 s + g V < ? B  +  îV ca)-* . (3.236)
and the expression for is given by Equation (3.78).
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CHAPTER 4 
RESULTS
In this chapter, the dc and ac characteristics of various HBTs reported in the 
literature [4,7,17,18,19.23], are studied using the formulation developed in Chapter 
3  and the results are compared with the reported theoretical and experimental 
data. All the examples presented in this work belong to the AlGaAs/GaAs material 
system.
4.1 Simulation procedure
The device characteristics simulation requires the knowledge of several mate­
rial parameters. These parameters include the composition, width, dopant concen­
tration, minority carrier diffusion coefficient, and minority carrier recombination 
hfetime of the emitter, base, and collector regions. Additionally, the knowledge of 
electron saturation velocity in the collector-base depletion layer, Vsat, is required. 
Except for the compositions, widths, and dopant concentrations which can be pre­
cisely determined, accurate values for the rest of these parameters are not available. 
For ail the simulations in this work, the hole diffusion coefficients in the emitter 
and collector. D e and Dc, are roughly chosen to be 1 0  cm^/s and the hole recom­
bination lifetimes in the emitter and collector, te and tc , are chosen to be 1 0  ns. 
Systematic studies have shown that even two orders of magnitude variation in the
57
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values for De, Dq, te, and t c  does not affect the device characteristics. The values 
for D b and rg for each and every device are extracted from the reported plots on 
the study of the same device, using the following procedure.
Considering a typical plot of the collector current density, J c (=  fc M ). versus 
the base-emitter voltage, Vb e , as shown in Figure 15.a. two distinct regions can be 
identified, the linear region of low and medium Jcs and the saturated region of high 
Jcs. The deviation from the linear behavior at high Jcs  is due to the base pushout 
and thermal effects. When the density of the electrons injected into the collector, n, 
approaches the background donor density, iVg, the collector space-charge density, 
jVg — n, starts to to decrease, leading to an increase in the collector depletion 
width. Eventually, the depletion layer covers the entire collector region. Further 
injection allows the base region to move out towards the collector, thus effectively 
increasing the base width, and decreasing the device gain. This is known as the 
base pushout effect. In an HBT operating in high Jqs regime, considerable amount 
of heat is generated, which along with the poor thermal conductivity of usual HBT 
materials, leads to a significant increase in the device temperature. This so-called 
‘‘self-heating” forces new thermal conditions for the carrier energy distributions, 
resulting in a significant degradation of the device gain. The formulation developed 
in Chapter 3 does not account for these effects. Hence, the validity of its results 
is restricted to the linear region for which the slope is proportional to Dg. For all 
the examples presented, the linear region slope of the reported plots of Jc  versus 
Vbe is used to calculate Db-
Now consider a typical plot of the dc current gain, hpE, versus the collector 
current density, Jc, as shown in Figure 15.b. Three distinct regions can be iden­
tified. The first region is the region of low Jcs in which hpE increases with Jc- 
In this region, the space-charge recombination and surface recombination currents
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are comparable to the bulk recombination current, adding up to a relatively large 
base current, thus resulting in a small current gain. The second region is the region 
of medium Jcs for which hpE saturates. The third region is the region of high Jcs 
for which hpE falls off due to the base pushout and thermal effects. However, the 
formulation developed in Chapter 3, predicts a saturated hpg, almost constant 
over the whole ramge of Jcs, for which the value is dictated by rg. For all the 
examples presented, the values for the saturated kpc  in the reported plots of /ipg 
versus J c ,  is used to calculate Tg. To account for the space-charge recombination 
and surface recombination effects in low JcS, an ideality factor n  is introduced in 
the expression for the collector current given by Equation (3.2), as follows:
Ic  =  a / S ' [ e x p ( ^ ) - l ) - ( / S '  + / ? ) ( e x p ( - ^ ) - l ) ,  (4.1)
For small JcS, n  is larger than unity and as Jc  increases, n tends to I. For all the 
examples presented, the dependency of n  on the injection level is extracted from 
the curvature of the reported plots of h p c  versus J c -  AH the values thus extracted 
for D b , Tg, and n  are found to be in the acceptable range. A detailed discussion 
on the extraction results is given in Section 4.3.
The electron saturation velocity in the collector-base depletion layer. Vgat, is 
chosen to be in the range of 10® — 10  ̂ cm/s [28]. Note that the formulation de­
veloped in Chapter 3, imphcitly considers the largest possible base-emitter voltage 
for calculations, V g ^ , to be the voltage for which the conduction band minimum 
of the base-emitter junction is flat. In other words,
VST  =  VsE- (4-2)
where Vgg is the base-emitter junction built-in voltage given by Equation (3.8).
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4.2 Examples 
The abrupt single HBT of Yang et al. [18]
Yang et al. [18] studied the injection performance of the abrupt single HBT 
(Figure 2, Section 3.3) by applying a numerical technique which took into account 
the coupled transport processes of drift-diffusion and tunneling-emission across 
the abrupt heterojunction. The device material parameters are listed in Table
4.1. For this device, Jc  is calculated as a function of the collector-emitter voltage, 
Vc e{= Vb e +Vc b )i by using Equation (3.110), and the results are plotted in Figure 
16. The plot shows a typical HBT output characteristics where no Early effect is 
present. In Figure 17, Jc  is plotted versus Vgg along with the simulation results 
of Yang et al. [18]. For JcS up to 10̂  A/cm^, the agreement between our model 
predictions and the simulation results of Yang et al. [18] is excellent. However, our 
model is not able to cover the range of Jcs above 10̂  A/cm-, due to the upper limit 
imposed by Equation (4.2). The low frequency h parameters (/tpE, Afg, fioE,/^RE) 
are calculated as a function of Jc  by using Equations (3.31) along with Equations
(3.133)-(3.136), and the results are plotted in Figures 18 to 2 1 . The plots exhibit 
the typical Jc dependency of the h parameters similar to the ones observed in a 
BJT. In Figure 22, the dc current gain, hpE, is replotted over a smaller range of 
Jcs  along with the simulation results of Yang et al. [18]. For the whole range of
Table 4.1: The HBT material parameters of Yang et al. [18]
Layer Type Thickness (A°) Doping (cm )̂
Emitter n Alo.25Gao.75As 1500 5x10^^
Base p GaAs 1 0 0 0 1 x 1 0 ®̂
Collector n GaAs 4000 5x10^®
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Jcs  predicted by our model, the agreement between our predictions and the simu­
lation results of Yang et al. [18] is excellent. By analyzing the frequency spectrum 
of the ac current gain, h/e+j, using Equation (3.50) along with Equations (3.152)- 
(3.155) and identifying the frequency at which \hfe^\ drops to unity, the cut-off 
frequency, f r ,  is determined as a function of Jc, and the results are shown in Fig­
ure 23 along with the simulation results of Yang et al. [18]. Up to the largest Jc  
allowed by our model, i.e. 10  ̂ A/cm^, the agreement between our predictions and 
the simulation results of Yang et al. [18] is excellent. According to the simulation 
results of Yang et al. [18] shown in Figures 16, 2 1 , and 2 2 , the high current effects 
become significant for Jcs above 10“* A/cm".
The abrupt single HBT of Ito et al. [4]
Ito et al. [4] fabricated an abrupt single HBT (Figure 2 , Section 3.3) and 
measured its high-frequency characteristics. The device material parameters are 
listed in Table 4.2. The device which had an emitter area of 9 x 10“ '  cm", exhibited 
a maximum of 90 at Ic  of 10 mA. For this device, the squared magnitude of 
the ac current gain, is calculated as a function of frequency, / .  by using
Equation (3.32) along with Equations (3.146)-(3.149), and the results are shown 
in Figure 24 along with the experimental results of Ito et al. [4]. The theoretical
Table 4.2: The HBT material parameters of Ito et al. [4]
Layer Type Thickness (A°) Doping (cm )̂
Emitter n Alo.3Gao.7As 1 0 0 0 5x10^"
Base p GaAs 1 0 0 0 1 x 1 0 ®̂
Collector n GaAs 3000 1 x 1 0 ^̂
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and experimental results are in good agreement with each other. Next, f r  is 
calculated as a function of Ic  by analyzing the frequency spectrum of h using 
Equation (3.50) along with Equations (3.152)-(3.155), and the results are shown 
in Figure 25 along with the experimental results of Ito et al. [4]. The condition 
of maximum possible Vbe given by Equation (4.2) limits the largest predicted Ic  
to 30 mA, up to which the theoretical and experimented results are in very good 
agreement with each other.
The graded single HBT of Liou et al. [17]
Liou at al. [17] presented a detailed analytical model to predict the dc and 
high-frequency performance of the graded single HBT (Figure 1 , Section 3.2). The 
model included the base pushout and thermal effects of the high injection regime. 
The device material parameters are listed in Table 4.3. For this device, Jc  and 
J b  are calculated as a function of Vbe by using Equations (3.1) and (3.2), and the 
results are shown in Figure 26 along with the simulation results of Liou et al. [17]. 
As long as the high injection effects axe absent, the agreement between our model 
predictions and the simulation results of Liou et al. [17] is good. The disagreement 
become significant for Jcs above 2x10^ A/cm^. Next, hpE is calculated as a 
function of Jc  by using Equation (3.31) along with Equations (3.16)-(3.19), and
Table 4.3: The HBT material parameters of Liou et al. [17]
Layer Type Thickness (A°) Doping (cm )̂
Emitter n Alo.3Gao.7As 1700 5x10^^
Grading n 0.3— >-0 . 0 300 xlO^^
Base p GaAs 1 0 0 0 1x10^9
Collector n GaAs 3000 1 x 1 0 ^̂
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the results are shown in Figure 27 along with the simulation results of Liou et al. 
[17]. For Jcs up to 2x10'* A/cm^, the agreement between our model predictions 
and the simulation results of Liou et al. [17] is good. However, for Jqs above 
2x10'* A/cm^, Liou et al. [17] correctly predicted a rapid fall-off in hpE which is 
missing in our results. This rapid fall-off in hpE is mainly due to the self-heating 
effects in the device at high JcS. At last, / r  is calculated as a function of Jc  
by analyzing the frequency spectrum of using Equation (3.50) along with 
Equations (3.83)-(3.86), and the results are shown in Figure 28 along with the 
simulation results of Liou et al. [17]. For J^s np to 2x10^ A/cm^, the agreement 
between our model predictions and the simulation results of Liou et al. [17] is 
good. However, for JcS above 2x10'* A/cm^, the exclusion of the high injection 
effects in our model results in overestimation of / r .
The graded single HBT of Yang et al. [7]
By using a self-aligned technique, Yang et al. [7] fabricated a submicron graded 
single HBT (Figure 1, Section 3.2) with a very heavily carbon doped (10^° cm“ )̂ 
base layer. The heavily carbon doped base was intended to suppress the so-called 
“emitter size effect” , the degradation of the device current gain for small emitter 
area. The device material parameters are listed in Table 4.4. For this device, Jc
Layer Type Thickness (A°) Doping (cm )̂
Emitter n Alo.3 Gao.7 As 1900 5x10*^
Grading n 0.3— m.O 2 0 0 5x10*^
Base p GaAs 900 1 x 1 Q2°
Collector n GaAs 5000 2 x 1 0 *®
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and Jb are calculated as a function of Vbe by using Equations (3.1) and (3.2), 
and results are shown in Figure 29 along with the experimental results of Yang et 
al. [7]. The present model accurately predicts the experiment results up to Jcs of 
about 10"* A/cm" above which the high injection effects start to reveal themselves.
The graded single HBT of Yang et al. [18]
Yang et al. [18] studied the injection performance of the graded single HBT 
(Figure I, Section 3.2). The device material parameters are listed in Table 4.5. 
For this device, Jc is calculated as a function of Vbe by using Equation (3.2). and 
the results are shown in Figure 30 along with the numerical simulation results of 
Yang et al. [18]. For Jcs up to 2x10'* A/cm^, the agreement between our model 
predictions and the simulation results of Yang et al. [18] is excellent. Next, hpE 
is calculated as a function of Jc  by using Equation (3.31) along with Equations 
(3.16)-(3.19), and the results are shown in Figure 31 along with the simulation 
results of Yang et al. [18]. Again, the agreement between the results is excellent.
Table 4.5: The HBT material parameters of Yang et al. [18]
Layer Type Thickness (A°) Doping (cm ®)
Emitter n Alo.2 5 Gao.7 5 As 1500 5x10*^
Grading n 0.25— )-0.00 300 5x10*^
Base p GaAs 1 0 0 0 1 x 1 0 *®
Collector n GaAs 4000 5x10*'
The graded double HBT of Zhang et al. [19]
Zhang et al. [19] studied the effects of displacements of the p-n junctions from 
the heterojunctions in the symmetrical graded double HBT (Figure 3, Section 3.5)
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by using two-dimensional simulation techniques. The device material parameters 
are Usted in Table 4.6. For this device, Jc  and Jg are calculated as a function 
of V b e  by using Equations (3.1) and (3.2), and the results are shown in Figure 
32 along with the simulation results of Zhang et al. [19]. Although Zhang et al. 
[19] performed their simulation for Vggs up to 1.80 V, in our model Vbe should 
not exceed =  1.40 V. For Vbes up to 1.40 V corresponding to Jcs up to 10'̂  
A/cm^, the agreement between our model predictions and the simulation results 
of Zhang et al. [19] is good. Next, hpE is calculated as a function of Jq by using 
Equation (3.31) along with Equations (3.16)-(3.19), and the results are shown in 
Figure 33 along with the simulation results of Zhang et al. [19]. Over the whole 
range of Jcs predicted by our model, the agreement between our predictions and 
the simulation results of Zhang et al. [19] is very good. At last, f r  is calculated as 
a function of Jc  by analyzing spectrum using Equation (3.50) along with
Equations (3.83)-(3.86), and the results are shown in Figure 34 along with the 
simulation results of Zhang et al. [19]. This time, the agreement between the 
results is poor. Our estimations of / r  is about 3-4 times larger than the ones of 
Zhang et al. [19]. The reason is believed to lie in the approximate nature of the 
Gummel formula [15] used by Zhang et al. [19] to evaluate /r-
Table 4.6: The HBT material parameters of Zhang et al. [19]
Layer Type Thickness (A°) Doping (cm )̂
Emitter D Alo.2 8 Gao.7 2 As 2 0 0 0 3x10^^
Grading n 0.28— >-0.00 300 3x10^^
Base p GaAs 1 0 0 0 1x10^9
Grading n 0.00— J-0.28 300 3x10^^
Collector Q Alo.2gGao.72As 2 0 0 0 3x10^7
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
66
The graded double HBT of Parikh et al. [23]
Parikh et al. [23] developed a charge-control model to formulate the dc char­
acteristics of the HBT. They applied the model to study a symmetrical graded 
double HBT (Figure 3, Section 3.5) fabricated by Marty et al. [30]. The device 
material parameters are given in Table 4.7. For this device. Jc  is calculated as a 
function of VgE by using Equation (3.2), and the results are shown in Figure 35 
along with the theoretical results of Parikh et al. [23] and the experimental results 
of Marty et al. [30]. Our results and the results of Parikh et al. [23], both show 
an equally accurate agreement with the experimental results of Marty et al. [30].
Table 4.7: The HBT structure parameters of Parikh et al. [23]
Layer Type Thickness (A°) Doping (cm %)
Emitter n Alo.4 Gao.6 As 2500 IxlOiG
Grading n 0.4— >-0 . 0 800 1 x 1 0 ^
Base p GaAs 800 5 x 1 0 "
Grading n 0.0— >-0.4 800 1 x 1 0 "
Collector n Alo.4 Gao.6 As 1500 1 x 1 0 "
4.3 Discussion
The extracted values of Db for the GaAs base of the graded HBTs are shown 
as a function of the base acceptor density, Ng,  in Figure 36. Harmon et al. [31] 
reported on the measurement of D b for the GaAs base of homojunction BJTs, 
the results of which are shown in Figure 36, also. The reported data on Dg in 
various sources show a large variability [31,33]. In hght of this fact, the agreement 
between the extracted values for D b zmd the measured values reported by Harmon
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et al. [31] is fair. Note that no m atter how smooth the base-emitter heterojunction 
grading is, still it consists of many layers of small, finite abrupt hetero junctions. 
Thus, the conduction band of the heterojunction grading includes many small 
finite discontinuities. These small discontinuities in the conduction band can give 
rise to a slightly larger electron forward velocity and diffusion coefficient. Dg, 
for the graded HBT in comparison to the homo junction BJT. If the base-emitter 
hetero junction is an abrupt one, the conduction band discontinuity is large enough 
to provide significant rise in Dg. In this case, the relatively large Dg of the abrupt 
HBT is not comparable anymore with the small DgS of the graded HBT or the 
homojunction BJT. This is specifically illustrated by the values of Dg extracted 
for the GaAs base of the abrupt single HBTs of Yang et al. [18] and Ito et al. 
[4]. For the former device. Dg is found to be 800 cm^/s, and for the later to be 
12000 cm^/s. An approximate proportionality relation between Dg and the height 
of the barrier formed by the conduction band discontinuity at the base-emitter 
heterojunction (Figure 9), can be established, as follows. For carriers at
temperature T. the diffusion coefficient, D(T), and the mobility, ^(T), obey the 
Einstein relation, given by:
D(T) =  — /i(T) . (4.3)
?
For hot electrons at temperature Tg, y-{Te) increases with Tg as:
H{T.) oc ( | ) ' - ‘ , (4.4)
where 7) is the lattice temperature and x is a number larger than 1, determined
by the details of the scattering mechanisms of the hot electrons [32]. Combining
Equation (4.3) with Relation (4.4), the following relation results:
D(T.)  oc . (4.5)
J-l
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In the abrupt single HBT, the temperature of the hot electrons injected into the 
base is determined by the conduction band barrier height, as:
Tg 9 % " " -  +  ^kgTi
3 ] (<16)Ti ikgT,
Combining Equation (4.6) with Relation (4.5), the following proportionality rela­
tion between Dg and V g ^ ”" results:
.qVHr “" + I b̂T,
ikgT,O s oc C ■ (4.7)
According to the measurements of Harmon et al. [31], the GaAs bulk electrons 
have a Dg of 35 cm -/s at a base acceptor density of 1 x 10"cm~3. Using this value 
along with Relation (4.7), x  is found to be 1.79 and 1.51 for the abrupt single HBTs 
of Yang et al. [18] and Ito et al. [4], respectively. This is in general agreement 
with the energy dependence of the dominant scattering mechanisms in the heavily 
doped GaAs, i.e. the polar optical phonon scattering and the ionized impurity 
scattering [32].
The extracted values of rg for the GaAs base of the graded HBTs are plotted 
as a function of the base acceptor density, Ng,  in Figure 37. Tiwari et al. [33] 
reported on the measurement of rg for doped bulk GaAs material, the results of 
which are shown in Figure 36, also. The reported data on rg in various sources 
show a large variability [31,33]. In light of this fact, the agreement between the 
extracted values for rg and the measured values reported by Tiwari et al. [33] is 
fair. It is observed that for the same base acceptor density of Ix  10"cm~3, the 
graded HBT with larger Dg exhibits shorter rg. Same trend is observed for the 
single abrupt HBTs of Yang et al. [18] and Ito et al. [4], for which rg is extracted 
to be 1.25x10“ ^̂ s and 4.00x10“ "  s, respectively. The inverse relation between 
Dg and rg can be explained as follows. The electrons with high Dg are hot elec­
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trons and belong to high energy levels. Electrons belonging to higher energy levels 
are less stable, a fact mathematically formulated by Fermi's Golden rule [32]. 
Hence, these electrons recombine faster, resulting shorter rg.
For each example in which hpg is simulated, the ideahty factor n is extracted 
and the results are plotted as a function of Vgg in Figure 38. In all cases, n 
remains close to unity in the forward active region which is in agreement with the 
measurements of the diode ideality factor for AlGaAs/GaAs HBTs, performed by 
Liu et al. [5]. The bias dependency of n is found to follow the relation:
n =  I-t-Jnexp (— ) , (4.8)
m fcgT
where m and 5n are constants, specified for each device. The value of m ranges 
between 2.0 to 2.5. Combining Equations (4.1) and (4.8), n is found to have the 
following injection level dependency:
n -  1 (X  . (4.9)
Relation (4.9) indicates that for low level of injections, the space-charge recom­
bination and the surface recombination processes significantly influence the ideal 
behavior of the HBT, leading to an ideality factor n  greater than unity. However, 
as the injection level increases, the space-charge recombination and the surface 
recombination processes become less pronounced compared to the bulk recombi­
nation process. At high injection levels, the HBT exhibits an ideal behavior where 
the dominant recombination process is the one of base bulk recombination, leading 
to an ideality factor n of unity.
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CHAPTER 5
CONCLUSION
Starting with a homojimction or graded hetero junction bipolar transistor, a com­
plete model for the dc and ac performances of the device was developed based on 
the Ebers-Moll methodology. Then, the formulation was modified to include the 
abrupt single HBT, by introducing the effects of the conduction band discontinuity 
at the base-emitter junction as an energy barrier for electrons flow, resulting in 
transmission and reflection processes. Finally, using the same approach, the for­
mulation was extended to the abrupt double HBT. Only the npn HBT was studied 
in this work; however, the same concepts and modeling approaches presented can 
be used to study the pnp HBT, also.
The model correctly predicted the dc and ac characteristics of various graded 
and abrupt, single and double AlGaAs/GaAs HBTs reported in the literature 
[4,7,17,18,19,23]. The collector current as a function of collector-emitter voltage, 
the collector and base currents as a function of base-emitter voltage, the dc current 
gain as a function of collector current, the h parameters as a function of collector 
current, the ac current gain as a function of frequency, and finally the unity current 
gain cut-off frequency as a function of the collector current were calculated and 
the results were compared with the reported data. In all cases, the agreement was 
found to be good.
70
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Only AlGaAs/GaAs HBTs were investigated; however, the model is applicable 
to any material system HBTs. Throughout the work, the quantum tuimehng at 
the conduction band discontinuity was neglected. The space-charge recombination 
and surface recombination processes were not included in the original formulation; 
but, their net effect was taken into account for the simulation of the devices by 
introducing an ideahty factor n in the expression for the collector current. Also, 
the high injection effects of base pushout and self-heating were not taken into con­
sideration. This places an upper hmit for the model predictions validity. Finally, 
the modeling was limited to the intrinsic device, neglecting the effects of any series 
resistances a t the emitter, base, and collector.
The development of the model was such that for both steady state and high fre­
quency performances, the physical mechanisms of transport remained transparent, 
leaving the original model flexible enough to be able to include any neglected phe­
nomenon in the future. For instance, the effects of tunneling can be incorporated 
through the expression for the transmission coefficient for the energy barrier formed 
by the conduction band discontinuity, while space-charge recombination and sur­
face recombination processes can be taken into account in the initial Ebers-Moll 
equations. The extrinsic resistances can be calculated from the device geometry 
and added to the present formulation to complete the modeling.
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Figure 1: a) Schematic illustration of the graded single HBT, b) Energy band 
diagram at equilibrium, c) Energy band diagram under forward active mode.
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Figure 2: a) Schematic illustration of the abrupt single HBT, b) Energy band 
diagram at equilibrium, c) Energy band diagram under forward active mode.
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Figure 3: a) Schematic illustration of the graded double HBT, b) Energy band 
diagram at equihbrium, c) Energy band diagram under forward active mode.
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Figure 8: Current components in the abrupt single HBT: a) Electron injection 
from the emitter to the base, b) Electron injection from the collector to the base.
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Figure 10; Possible structure for the abrupt double HBT with one energy barrier 
in the conduction band at the base-emitter junction.
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Figure 11: Possible structure for the abrupt double HBT with one energy barrier 
in the conduction band at the collector-base junction.
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Figure 12: a) Schematic illustration of the abrupt double HBT, b) Energy band 
diagram at equihbrium, c) Energy band diagram under forward active mode.
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